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In this paper we have first derived the compactified Kruskal-Szekeres likdimates for the metric
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1. Introduction

In order to model behavior of the universe as a whole, we apply general relativity. To do
this, we usually make some far-reaching assumptions. For example, the universe is isotropic c
homogeneous etc. Evidently, matter distribution is highly irregular (hon homogeneous) on small
scales but on large scale it looks more and more uniform (homogeneous). So we have goo
physical background to study simple cosmological models with the assumption of homogeneity
and isotropy of the universe. This led to the cosmological principle, which states that, the universe
looks the same at all times to all observers [1]. The concepinainaent of timé ambiguous in
general relativity and is replaced byime sliceor three dimensional spacelike hypersurfaSe
in order to define a globally accepted time parameter, we slice up (foliate) the spacetime by ¢
sequence of disjoint spacelike hypersurfaces. Hence a particular time means a partialiee spac
hypersurface. The hypersurfaces, constant, may be constructed in a number of ways and there
is no preferred way of slicing and consequently no preferred time. Maximal slicing (fobgtion
hypersurfaces of zero mean extrinsic curvature) of the Schwarzschild spacetime was tried by A
Lichnerowicz [2] but was unsuccessful. York defined a time parameter which is proportional to
the mean extrinsic curvatur&) called the York time [3]. So one may expect foliation of a
spacetime by hypersurfaces having constant mean extrinsic curvature. Brill et. laav§d]
provided a comprehensive discussion of foliation of static, spherically symmetric spacetimes by
hypersurfaces of constant mean extrinsic curvature (namegasaces), but were unsuccessful
to completely foliate the Schwarzschild spacetime. They used only the non negative vlues of
and proposed that a use of full range of values might provide with a complete foliation. A complete
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foliation of the Schwarzschild geometry is provided in [5] and foliation of the Ressiner Nordstrom
spacetime in [6]. In the following subsections, we first discuss the black hole surrounded by the
quintessence (SHQ), construct the Kruskal-Szekeres like coordinates for this geometry, and the

present the foliation of SHQ by hypersurfaces of constant mean extrinsic curvature.

2. Schwarzschild Black Hole Surrounded by Quintessence
In this section we briefly introduce the Schwarzschild black hole surrounded by
quintessence as derived by V. V. Kiselev [7]. This derivation assumes the gravitational field to be

spherically symmetric and static; and the energy momentum tensor of the form

=T =p, ®
T =T =~ p (o) @

where o is the quintessence state parameter ands the density of quintessence matter given
by
a 3w

Py =" pawn 3)

where o is a constant called normalization factor. Solution of the Einstein field equations with

energy momentum tensor given by equs. (1) and (2) leads to the following metric

ds’ = f(r)dt’ - dr —r’(de” +sin’ 6d¢?), (4)
f(r)
wheref(r) is given by
2m «
f(ry=1-—-——, (5)
r r
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wherem s the black hole mass. For the existence of cosmological horizon we have the following

constraint over the allowable values of
1

The scalar curvature is given as

1-3
d-30) )

R=2T"=3aw
r

It is clear from equ. (7) that there is a singularity at0 if » = —1,0% .

For w= —% the metric (4) takes the form

2
ds’ :(1—2—m—arjdt2 - ar —r*(d¢’ +sin’ 0dg’). (8)
r ( 2m j
1-——ar
r

The horizons are at

= 1+v1-8am

* 2 9

Herer_andr, are black hole and cosmological horizons respectively. Clearly the horizons

are possible, when

m<—, (20)

which gives an upper limit on mass, for a given value o .
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Fig. 1. The figure depicts the relation betweemdf(r) for  =0.15 andm= 0.5

3. Non-singular compactified coordinates for SHQ

In order to examine the geometrical and physical features of the SHQ, we need to construc
the coordinates that can smoothly cross the horizons. The technique for resolving the problem c
unsatisfactory coordinates is to investigate and explore the spacetime with geodesics, which beir
coordinate independent will not be influenced by coordinate validity boundaries. In this regard we
use the worldlines of radially moving photons as considered by Eddington-Finkelstein [8, 9]. For

metric (8) the radial null geodesics are given by

r r
+ —

r r —r r r —r
t=x<In|—-1|* - —-In|—-1|* - +constant ;, (11)
r r

+ —

where plus/minus sign corresponds to the outgoing/incoming photons.
For the construction of Eddington-Finkelstein like coordinates, we define the constants of
integration appearing in equ. (11) as new coordinates and label thgmahg g. Thus, the

coordinate transformations are given by
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p=t+ 1n|——1| —ln|——1| (12)

+ —

g=t- ln|——1| —ln|——1| (13)

+

For the construction of Kruskal-Szekeres like coordinates, we use the following

transformations

o P ~ —q
p=Aexp| — |, g=-41 exp(—). (14)
(ﬂ) B

To get the usual form of the mertic we define new variabl@sdv, which are spacelike

and timelike respectively, and are given by

Using equs. (12)-(14) in equ. (15) we have

v=asinh| = || L1/ Lo, (16)
p)r r
pr-ry I ﬂ(; r)
u= /Icosh[ﬁj|——1| |——1| (17)

The coordinates given by equs.(16) and (17) are singularat . In order to eliminate
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r

- +

the singularity we need to cancel the factors contaiEﬂﬂgL] and El—L], but in any way both
r

can not be canceled simultaneously. So to keep the coordinates regutar awve take

=P =" A=4, (18)

and for coordinates to be regularrat r_ we take

B=p = 2 . A=A, (19)

r —r
+ -

The values ofi, are chosen so that at a pointetweenr, and r_ hypersurfaces get
matched properly ir(v_,u_ ) and (v,,u,) coordinates. Since the coordinatgs,u_) are regular
at r =r_ they are used for the region in whigh<r <r, . Similarly as the coordinateév, ,u,)
are regular atr =r, , so they are used for <r <. Herer =r, correspond tov, =u, =0 and

v_=u_ =0 respectively. The implicit relation betweanvandr is

2r+ 2r
u v _/12|——1|ﬁ “ ”|——1|ﬂ+“+ = (20)
r, -
21‘+ 2r_
r B o). I B =)
R e e [ (21)
r r

+ —

To get the compactified coordinates for SHQ metric we use the coordinate transformations

as

w=tan" (v +u)+tan" (v —u), (22)

E=tan” (v +u)—tan (v —u). (23)
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r=0

r=r

Fig. 2. Carter-Penrose diagram of the SHQ spacetime. Note that the essential singularity
here is timelike.

Fig. 3. Maximally extended Carter-Penrose diagram of the SHQ spacetime. Note that as
the essential singularity is timelike, so a time like curve can enter the new

universes by passing through the two coordinate singularities.
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The implicit relation betweew,& andr is given as

2r 2r
+

u'—vi=1%| 1 ") 1 "%~ =_tan wteo tan l//;é. (24)
r

+ —

4. Foliation of SHQ by hypersurfaces of constant mean extrinsic curvature
In order to obtain the constant mean extrinsic curvature hypersurfaces for SHQ we follow
the procedure of Brill et. al. [4] and obtain the following ordinary differential equation in Kruskal-

Szekeres coordinates

ﬂ _ AV+EL1’ (25)
du Au+Ev
with
Kr3 2 2 3
E(r)=H—T, Ar)=E(r)+r(r-r)(r-r). (26)
In compactified Kruskal-Szekeres coordinates equ. (25) is given as
dy _ Asinycosé + Esinécosy 27)

dé Asinécosy + Esiny cosé’

In order to obtain the foliation we follow the similar procedure as is given in reference [5].

For a specific value df we require tha = 0 at £ =0 in equ. (27). This requirement provides a

relation between initial value ofandH given as

K;" £ (r-r)(r,-r), (28)

H =

wherer; is the initially selected value of For each choice & we get two choices &, of which

480



Proceedings of International Conference PIRT-2015
we select the one having sign opposite to that of the sign lofthis way we get an initial value
of w and call it asy, . Also for K —-—-K we get the hypersurfaces by takifh— —-H. So on

both £ andy axis we have the reflection symmetry.

<

Fig. 4. Foliation of the SHQ spacetime in Carter-Penrose diagrd€rshyfaces. Few
spacelike hypersurfaces fdr= 0, £0.00001+ 0.005; 0.0: are shown.

NO. K r H V.

1 0 s 0 0

+2 +0.00001 7.2 $23.6077 | +0.6257
+2 +0.005 6.8 +33.8600 | +0.9786
+2 +0.015 6.4 $37.3670 | +1.1976

Table 1. The mean extrinsic curvatuikg,initial value, r;, of r, constantd, and initial

value ofy, labelled agy. are given for seven differeRtsurfaces.
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5. Conclusions
In this paper, we have considered the Schwarzschild black hole surrounded by quintessenc

(SHQ) for the case when there are two horizons. This case is similar to the usual Reissner

Nordstrom black hole (RN). Following the similar procedure as adopted for the RN black hole we

have constructed the non singular Kruskal-Szekeres like coordinates for the SHQ. We have als

presented the Carter-Penrose diagram for this geometry. A foliation of the Carter-Penrose diagra

by hypersurfaces having constant mean extrinsic curvature is obtained. Like foliation of the RN

black hole [8] here the hypersurfaces also foliate the geometry upto the inner horizon.
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